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A generalization of the Lyddane-Sachs-Teller relation is presented for polar vibrations in materials
with monoclinic and triclinic crystal systems. The generalization is derived from an eigen dielectric
displacement vector summation approach, which is equivalent to the microscopic Born-Huang de-
scription of polar lattice vibrations. An expression for a general oscillator strength is also described
for materials with monoclinic and triclinic crystal systems. A generalized factorized form of the
dielectric response characteristic for monoclinic and triclinic materials is proposed. The generalized
Lyddane-Sachs-Teller relation is found valid for monoclinic β-Ga2O3, where accurate experimental
data became available recently from a comprehensive generalized ellipsometry investigation. Data
for triclinic crystal systems can be measured by generalized ellipsometry as well, and are anticipated
to become available soon and results can be compared with the generalized relations presented here.
PACS numbers: 63.20.-e;78.30.Am;78.20.Ci;78.30.-j
The Lyddane-Sachs-Teller (LST) relation1 sets two im-
portant ratios equal for a material with polar vibrations.
The square of the ratio of the frequency of longitudi-
nal optic lattice vibrations (phonons) (ωLO) to the fre-
quency of transverse optical lattice vibration (ωTO) for
long wavelengths and at negligible wave vector equals
the ratio of the dielectric permittivity at zero frequency
εDC with the dielectric permittivity at frequencies above
the TO and LO vibrations where the material is widely
transparent (ε∞)
30
εDC
ε∞
=
(
ωLO,l
ωTO,l
)2
. (1)
The LST relation is a fundamental statement, and can
be found in many text books on condensed matter physics
and semiconductor optics.2–9 The LST relation has been
used extensively, either to predict a missing parameter
out of the set of fundamental four, εDC, ε∞, ωLO, ωTO, or
to check for consistency among experimentally and/or
computationally obtained phonon mode and dielectric
permittivity parameters. The LST relation has been ex-
panded previously to include situations where multiple
branches of phonon modes occur, and the role of poles
and zeros in the complex plane to describe the dielectric
response functions was identified10,11
εDC
ε∞
=
N∏
l=1
(
ωLO,(l)
ωTO,(l)
)2
, (2)
where N denotes all long wavelength active polar vibra-
tion modes with polarization parallel to a certain but
fixed crystal direction.11–13 Derived for isotropic mate-
rials and most commonly applied to isotropic materials,
the relation has been found correct for anisotropic mate-
rials whose major axes of polarization align with orthog-
onal axes.7,12,13 Such situations include materials with
cubic, hexagonal, trigonal, tetragonal, and orthorhom-
bic crystal systems.14 The LST relation, however, is not
valid anymore for materials with monoclinic or triclinic
crystal systems. Contemporary semiconductor materials
are cubic (for example, diamond structure silicon, and
zincblende-structure group-III phosphides, arsenides and
selenides), or hexagonal (for example wurtzite-structure
group-III nitrides). Very recently, the monoclinic phase
of metal-oxide β-Ga2O3 (gallia) has emerged as potential
candidate for use in high-power transistors and switches
due to a very large electric break down field value of
8 MVcm−1.15 First devices exhibited excellent charac-
teristics such as a nearly ideal pinch-off of the drain
current, an off-state breakdown voltage over 250 V, a
high on/off drain current ratio of around 104, and small
gate leakage current.16 A generalized ellipsometry analy-
sis17,18 of phonon modes and free charge carrier prop-
erties in β-Ga2O3 was reported very recently. Tradi-
tional approaches valid for cubic, hexagonal, trigonal,
tetragonal, and orthorhombic crystal systems, for deriva-
tion of phonon modes and dielectric constants from the
long wavelength dielectric function behavior of materi-
als, require modification to account for the monoclinic
character of β-Ga2O3.
19 Few reports exist on long wave-
length characterization of monoclinic CdWO4,
20 CuO,21
and MnWO4
22 where the application of the LST relation
was not discussed. Virtually no information is available
on triclinic materials, and which appears as a widely un-
charted field of condensed matter physics.
In this paper, a generalization of the LST relation is
derived, which is valid for materials of all crystal systems,
including monoclinic and triclinic. The paper follows a
derivation of a general expression of the dielectric func-
tion tensor for materials with polar vibrations. A simple
superposition of eigen dielectric displacement polarizabil-
ity functions and their vector character leads to complex
tensor description, from where a general LST relation
is obtained. The derivation is equivalent to the micro-
scopic description given by Born and Huang,23 however,
the derivation is straight forward and produces simple ex-
pressions for the dielectric tensor components which can
be compared conveniently with experimentally accessible
polarized reflectance and transmittance data.
Vibration modes which can be excited by long wave-
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FIG. 1: Unit vector eˆ characteristic for a dielectric eigen po-
larizability vibration Peˆ whose frequency response is rendered
by a complex-valued response function ̺.
length electromagentic waves (long wavelength active
phonon modes) in materials can be represented as in-
trinsic dielectric polarizations (eigen dielectric displace-
ment modes). Each mode produces an electric dipole
charge oscillation. The dipole axis can be associated
with a characteristic vector (unit eigen displacement vec-
tor eˆ). Optical properties of all crystal systems can be
described: monoclinic, triclinic, orthorhombic, tetrago-
nal, hexagonal, trigonal, and cubic. The mutual orienta-
tions of the N eigenvectors, and the frequency responses
of their eigen displacements determine the optical char-
acter of a given, dielectrically polarizable material. For
certain or all frequency regions, the optical behavior may
be isotropic, uniaxial, or biaxial.24 Within the frequency
domain, and within a Cartesian system with unit axes x,
y, z, the dielectric polarizability P under the influence
of an electric phasor field E along eˆ = eˆxx + eˆyy + eˆzz
is then given by a complex-valued response function ̺
(Fig. 1)19
Peˆ = ̺(eˆE)eˆ. (3)
Function ̺must satisfy causality and energy conservation
requirements, i.e., the Kramers-Kronig (KK) integral re-
lations and Im{̺} ≥ 0, ∀ ω ≥ 0.25,26 The eigenvectors
are located along certain, fixed spatial directions within
a given sample of material. Explicit coupling between
different eigen displacement modes, which may lead to
description of chiral properties, are ignored here. The
linear polarization response of a material with N eigen
displacement modes is then obtained from summation
P = χE =
N∑
l=1
Peˆl =
N∑
l=1
̺(l)(eˆl ⊗ eˆl)E, (4)
where ⊗ is the dyadic product. The energy (frequency)
dependent contribution to the long wavelength polariza-
tion response of an uncoupled electric dipole charge os-
cillation is commonly described using a Kramers-Kronig
consistent Lorentzian broadened oscillator function7,27
̺(l) (ω) =
A(l)
ω2
TO,(l) − ω
2 − iωγ(l)
, (5)
where A(l), ωTO,(l), and γ(l) denote the amplitude, reso-
nance frequency, and broadening parameter of a vibra-
tion mode with transverse optical (TO) character, ω is
the frequency of the driving electromagnetic field, and
i2 = −1 is the imaginary unit. The index l numerates
the contributions of all independent dipole oscillations.
It is required here that ωTO,(l) > 0 ∀l.
31 The field pha-
sors displacement D, and E are related by the dielectric
function tensor (ε0 is the vacuum permittivity)
D = ε0 (ε∞ + χE) = ε0εE, (6)
where a symmetric tensor ε∞ may account for the high
frequency appearance of ε. The high frequency limit here
is meant as a frequency region with frequencies suffi-
ciently large against the vibration modes summed over
in Eq. (4), and yet small against potential other elec-
tronic polarizabilities whose transition energies are at
even higher frequencies. One may inspect det{ε(ω)} for
ω → 0 and for ω →∞. Six real-valued physical material
parameters may be required to describe the static (DC)
behavior. At high frequencies, similarily six frequency
independent elements may be required
det{ε(ω = 0)} = εDC,xxεDC,yyεDC,zz + 2εDC,xyεDC,yzεDC,xz − (εDC,xxε
2
DC,yz + εDC,yyε
2
DC,xz + εDC,zzε
2
DC,xy), (7)
det{ε∞} = ε∞,xxε∞,yyε∞,zz + 2ε∞,xyε∞,yzε∞,xz − (ε∞,xxε
2
∞,yz + ε∞,yyε
2
∞,xz + ε∞,zzε
2
∞,xy). (8)
According to Eq. (4) each element of ε possesses up to
(N+1) terms
(ε)ij = det{ε∞}eˆi,∞eˆj,∞ +
N∑
l=1
̺(l)eˆi,leˆj,l, i, j ∈ {x, y, z}.
(9)
Hence, ε is symmetric, invariant under time and space
inversion, and a function of frequency ω. The dielectric
function tensor in Eq. (6) has six independent complex-
valued parameters, which can be obtained by experiment,
for example using generalized spectroscopic ellipsome-
try.7,12,19 Two characteristic optical modes, transverse
optical (TO; ωTO) and longitudinal optical (LO; ωLO),
can be obtained, respectively, from the roots of the de-
terminants of ε−1, and ε
30 = det{ε−1(ωTO)}, 0 = det{ε(ωLO)}, (10)
and a proof for this statement is obtained below. For
0 < ω <∞, one can express the determinant of ε through
a complex-valued function f , or f †
det{ε(ω)} = det{ε(∞)}+f(ω) = det{ε(∞)}
(
1 + f †(ω)
)
,
(11)
where f † is obtained from f by normalization with
det{ε(∞)}. The sum 1 + f † contains up to 6(1+N)3
terms. Each term has the following structure
eˆi,leˆj,lε(l)eˆi,meˆj,mε(m)eˆi,neˆj,nε(n), (12)
where the mode indices are {l,m, n} ∈ {“∞”, 1, . . . , N},
and the coordinate indices are {i, j} ∈ {x, y, z}. In the
calculation of the determinant of ε all terms occur in
cyclic permutations of the indices and by alternating plus
and minus signatures of all product terms. It is crucial
to recognize that in this summation all terms with at
least two equal mode indices in l,m, n cancel out. As
a result, none of the terms in Eq. (9) occur in the sum
1 + f † with a multiplicity higher than one. This is con-
sequential when the sum 1 + f † is then factorized into a
fraction decomposition with common denominator. The
denominator then contains the product over all poles at
(ω2
TO,(l) − ω
2) with l = 1, . . . , N . This result is obtained
straightforward by carrying out all multiplications and
by summing all terms in 1+f † for arbitrary but fixed N .
The numerator then presents itself with a polynomial in
ω2 with order equal to 2N . Hence, the numerator can be
factorized according to the Gauß-d’Alembert theorem of
algebra by which a polynomial p of degree n possesses n
roots in the complex plane.28 Hence, for the sum 1 + f †
one expects N roots in ω2, which are identical then with
the squares of the frequencies ωLO,(l) in Eq. (10). Ignoring
broadening here and setting the broadening parameters
in Eq. (5) to zero, the determinant of ε can be expressed
as follows
det{ε(ω)} = det{ε(∞)}
N∏
l=1
(
ω2
LO,(m) − ω
2
ω2
TO,(l) − ω
2
)
. (13)
Obviously, frequencies ωTO as defined in Eq. (10) are
identical with frequencies ωTO,(l).
The factorized form of Function det{ε(ω)} in Eq. (13)
can be seen as a generalized dielectric response charac-
teristic for any given material regardless of its crystal
system. The particular usefulness of this function orig-
inates from its zeros, which reveal all LO frequencies of
a material under investigation within the spectral range
over which the individual components of ε(ω) may have
been determined, either from computational theory or
from experiment. This function can be further factorized
into two identities for the monoclinic crystal system, or
a set of two different identities for trigonal, tetragonal,
and hexagonal crystal systems, or into three identities for
the orthorhombic crystal system. The latter three are all
identical then for the cubic crystal system.
Setting ω = 0 in Eq. (13), a generalization of the LST
relation is then obtained
det{ε(0)}
det{ε(∞)}
=
N∏
l=1
(
ωLO,(l)
ωTO,(l)
)2
, (14)
where the product expands over all N vibration modes
contained within Eq. (4). Equations (13) and (14) are
the central results of this paper. The relations are valid
for materials with all crystal systems, and specifically for
triclinic. For monoclinic, when without loss of general-
ity the (x, y) plane may be considered as the monoclinic
plane, the LST relation factorizes into two identities19
εDC,xxεDC,yy − ε
2
DC,xy
ε∞,xxε∞,yy − ε2∞,xy
=
N∏
l=1
(
ωLO,l
ωTO,l
)2
, (15)
εDC,zz
ε∞,zz
=
K∏
l=1
(
ωLO,l
ωTO,l
)2
, (16)
where N denotes the number of vibration modes whose
eigen displacement vectors are all aligned within the
monoclinic plane, and K denotes the number of all vi-
bration modes purely polarized along direction z. For or-
thorhombic, the generalized LST relation factorizes into
three identities
εDC,x,y,z
ε∞,x,y,z
=
Kx,y,z∏
l=1
(
ωLO,l
ωTO,l
)2
, (17)
where Kx,y,z denotes the number of vibration modes
whose eigen displacement vectors are aligned parallel
to the major orthorhombic lattice axes, which may be
aligned with x, y, z, respectively. The static and high
frequency dielectric constants, εDC,x,y,z and ε∞,x,y,z, re-
late to the three major orthorhombic axes, respectively.
For trigonal, tetragonal, and hexagonal, Kx,y = K⊥ and
Kz = K|| denote the numbers of vibration modes per-
pendicular and parallel to the lattice c axis, respectively,
when c is aligned parallel to z, and the static and high fre-
quency dielectric constants are εDC,x,y = εDC,⊥, εDC,z =
εDC,|| and ε∞,x,y = ε∞,⊥, ε∞,z = ε∞,||. For cubic materi-
als, taking the third root of Eq. (14) because of triple de-
generacy, the original LST relation is recovered in Eq. (2),
identical to Eq. (1) for K = 1
εDC
ε∞
=
K∏
l=1
(
ωLO,l
ωTO,l
)2
, (18)
where K denotes the number of vibration modes within
the cubic material.
Finally, a generalized oscillator strength which com-
bines the polarizability of all long wavelength active vi-
bration modes in a given sample can be derived from
Eq. (14)5,8,25
f = 3
√√√√( det{ε(0)}
det{ε(∞)}
− 1
) N∏
l=1
ω2
TO,(l), (19)
4where the product runs over all N vibration modes. The
appearance of the third root in Eq. (19) reflects the fact
that the derivation comprises all modes in all three di-
mensions. For example, a material with cubic crystal
system withK distinct vibration frequencies is accounted
for in Eq. (9) by adding three equal functions ̺(l) for ev-
ery vibration mode, where the three functions ̺(l) are
assigned with a set of orthogonal eigenvectors, for exam-
ple, aligned along x, y, z. The product then extends to
N = 3K and terms in ωTO,(l) occur three times. The
value of Eq. (19) consists in the possibility to express
a generalized oscillator strengths in units of the vacuum
permittivity, ε0, which can be calculated without explicit
knowledge of the LO frequencies.
In a recent experiment, the dielectric function ten-
sor components of single crystal monoclinic β-Ga2O3
were measured by generalized ellipsometry in the long
wavelength spectral range.19 All long wavelength active
phonon modes predicted by theory were detected as well
as their eigen vectors within the monoclinic plane. The
tensors of the static and high frequency dielectric con-
stants were determined from experiment and the gener-
alized form of the LST relation was found fulfilled ac-
curately, lending experimental support to the findings
reported here. No other experimental data appear to be
available for materials with monoclinic or triclinic crys-
tal systems, and future experiments may provide further
tests of the LST relations provided here.
A generalization of the Lyddane-Sachs-Teller relation
is derived for polar vibrations in materials with mono-
clinic and triclinic crystal systems. The generalization
is derived from an eigen displacement vector summation
approach, which is equivalent to the microscopic Born-
Huang description of polar lattice vibrations. The gen-
eralized relation is found valid for monoclinic β-Ga2O3,
where accurate experimental data became available re-
cently from a comprehensive generalized ellipsometry in-
vestigation. Data for materials with triclinic crystal sys-
tems can be measured by generalized ellipsometry as well,
and are anticipated to become available soon and results
can be compared with the generalized relation discussed
here.
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